The role of magnetic helicity is investigated in kinetic Alfvén wave and oblique whistler turbulence in presence of a relatively intense external magnetic field b 0 e . In this situation, turbulence is strongly anisotropic and the fluid equations describing both regimes are the reduced electron magnetohydrodynamics (REMHD) whose derivation, originally made from the gyrokinetic theory, is also obtained here from compressible Hall MHD. We use the asymptotic equations derived by to study the REMHD dynamics in the weak turbulence regime. The analysis is focused on the magnetic helicity equation for which we obtain the exact solutions: they correspond to the entanglement relation, n +ñ = −6, where n andñ are the power law indices of the perpendicular (to b 0 ) wave number magnetic energy and helicity spectra respectively. Therefore, the spectra derived in the past from the energy equation only, namely n = −2.5 andñ = −3.5, are not the unique solutions to this problem but rather characterize the direct energy cascade. The solutionñ = −3 is a limit imposed by the locality condition; it is also the constant helicity flux solution obtained heuristically. The results obtained offer a new paradigm to understand solar wind turbulence at sub-ion scales where it is often observed that −3 < n < −2.5.
Introduction
Fluctuations in space plasmas exhibit a multitude of time and length scales such as the ion or electron cyclotron frequencies, inertial lengths and Larmor radii. For example, in the solar wind where in situ measurements are accessible the turbulent velocity, magnetic and density fluctuation spectra are characterized by extended power laws observed in the frequency range 10 −5 Hz f 10 2 Hz (Matthaeus & Goldstein 1982; Goldstein & Roberts 1999; Galtier 2006a; Carbone 2012) . As expected, when one probes the solar wind plasma towards high frequencies, the physical properties evolve and several breaks in the magnetic field fluctuation spectrum are detected (Smith et al. 2006; Alexandrova et al. 2009; Sahraoui et al. 2010) . In figure 1 a schematic view of the magnetic field fluctuation spectrum observed in the solar wind is reported. For example, the break detected at the frequency f 1 ∼ 0.5 Hz is attributed to the decoupling between ions and electrons and defines, therefore, the scale at which one has to abandon the standard magnetohydrodynamic (MHD) model. The precise mechanism that drives the physics is still unclear: basically, the frequency range f 1 f f 3 is seen as either a dissipative range or/and a new turbulence regime. The difficulty resides, in particular, in the collisionless nature of the plasma and also its anisotropy. Note that typical solar wind plasma parameters Figure 1 . Schematic view of the magnetic fluctuation spectrum observed in the solar wind at one astronomical unit. Three breaks are shown at frequencies f1, f2 and f3. The large scale (f < f1 ∼ 0.5Hz) spectrum, characterized by a narrow range of power law indices with a peak near −5/3 (Smith et al. 2006) , is generally interpreted as an MHD turbulence cascade. At sub-ion scales (f > f1) the physical properties change drastically. After a stiff transition between breaks f1 and f2 (Sahraoui et al. 2010) , a f α spectrum is clearly observed such that α ∈ [−3.1, −2.5] with a value often around −2.8 (Sahraoui et al. 2013) . At sub-electron scales (f > f3 ∼ 50Hz) another stiff variation -possibly in power law -is measured but the instrumental noise level is quickly reached. The gray part is the frequency domain where both kinetic Alfvén waves and whistler waves are detected and where both fluid and kinetic models are used.
at one astronomical unit are: β i ∼ β e ∼ 1 (ratio of thermal to magnetic pressure for ion β i and electron β e ), T i /T e ∼ 1 (ratio of ion to electron temperature), d i ∼ 100 km (ion inertial length) and f ci ∼ 0.1 Hz (ion cyclotron frequency).
Both kinetic and fluid models are used to investigate the difficult problem of plasma turbulence at sub-ion scales (Ghosh & Goldstein 1997; Schekochihin et al. 2009; Meyrand & Galtier 2010; Rudakov et al. 2011) . For example, for the solar wind we often evoke kinetic Alfvén waves (KAW) and whistler waves (Sahraoui et al. 2012 ) which can be both excited for scales smaller than d i . The main difference between KAW and whistlers is in the dynamics of ions which rapidly adjust to the fluctuating electric potential in the former case, whereas they are dynamically irrelevant in the latter. By definition, classical fluid models (e.g. Hall MHD or electron MHD) are not able to catch kinetic effects and their use at sub-ion scales is mainly relevant for the investigation of the turbulent dynamics. In the solar wind case it is believed that the origin of the power law spectra for f > f 2 (see figure 1) could be attributed mainly to turbulence which would imply that kinetic effects are irrelevant to understand the statistical properties of the magnetic fluctuations (Matthaeus et al. 2014) . Following this remark, we shall recall below the limit of validity of the fluid models. In the fluid case, the electron momentum equation with all electron inertia terms neglected gives the generalized ideal Ohm's law (in SI units):
E + u e × b − ∇p e n e e = 0 ,
where E is the electric field, u e the electron velocity, b the magnetic field, n e the electron density, e the magnitude of the electron charge, and p e the electron pressure. The introduction of equation (1.1) into the Maxwell-Faraday's law, with the MHD momentum equation, and for example the polytropic closure, lead to the so-called Hall MHD system in which the Hall effect becomes dominant at length scales smaller than the ion inertial length d i (d i ≡ c/ω pi with c the speed of light and ω pi the ion plasma frequency) and time-scales of the order, or shorter than, the ion cyclotron period ω −1
ci . Note that in Hall MHD, the electron pressure p e is assumed to be a scalar (this can be justified in the collisional limit or in the isothermal electron fluid approximation (Schekochihin et al. 2009) ). The limit of validity of Hall MHD may be discussed at the level of the dispersion relation. (We focus the discussion on frequencies where the electron inertia is not felt.) As shown by Hirose et al. (2004) , the Hall MHD dispersion relation is a rigorous limit of Vlasov-Maxwell kinetic theory in the limit of cold ions, i.e. T i = 0. Under this limit, the ion Landau resonance becomes negligible which explains why physically the fluid model may be relevant. However, two important comments have to made here. First, this limitation was discussed quantitatively by Howes (2006) (see also Sahraoui et al. (2012) ) from the numerical resolution of the dispersion relations. It was found that even at T i = T e (with β = 1) the parallel whistler, oblique whistler and kinetic Alfvén waves are well described by Hall MHD whereas for example the slow mode represents an unphysical/spurious wave that does not exist in a weakly collisional plasma. Second, the simple analytical demonstration made on the dispersion relation does not say anything about the validity of Hall MHD in the full turbulent regime for which the statistical contribution of kinetic effects is still not well documented. If this contribution is negligible (Matthaeus et al. 2014) or if the three previous waves are not affected by the spurious waves, then Hall MHD may be a relevant model for plasmas even when T i ∼ T e (and β ∼ 1). An example is given with incompressible (β 1) Hall MHD in the regime of wave turbulence. As shown by Galtier (2006b) , it is possible to get spectral predictions only for the right circularly polarized wave (so without the feedback of the left circularly polarized wave) which may describe parallel whistler, oblique whistler or KAW (see the discussion in section 2). Also, it is though that as long as a fluid model like Hall MHD is able to predict statistical properties compatible with the observations the pure turbulent cascade scenario has to be considered as a central mechanism to transfer energy scale by scale until the electron scales. Beyond the solar wind, Hall MHD is widely used to investigate several questions such as the origin of the fast magnetic reconnection (Bhattacharjee 2004; Shepherd & Cassak 2010) or the formation and disruption of Alfvénic filaments (Dreher et al. 2005) .
Three-dimensional Hall MHD turbulence is much more difficult to investigate numerically than pure MHD because the Hall effect brings a new kind of nonlinear term with a second-order derivative which sometimes forces us to use lower-dimensional models (Ghosh et al. 1996; Galtier & Buchlin 2007) . Because of this difficulty, it is interesting to investigate first the incompressible limit for which the Hall effect is asymptotically large, i.e. the so-called electron MHD regime (Kingsep et al. 1990; Goldreich & Reisenegger 1992; Das 1999; Diamond et al. 2011) . In this limit, the ions can be considered as a motionless neutralizing background such that the electron flow determines entirely the electric current. Since the ions are static, electron compressibility corresponds to a violation of quasineutrality and reciprocally, therefore, electron MHD is only valid for large enough β e (Biskamp 2000) . This is basically the reason why one can recover electron MHD from incompressible Hall MHD. Electron MHD plays important roles for example in laser plasmas (Sentoku et al. 2003; Cai et al. 2011) and magnetic field reconnection (Bulanov et al. 1992; Drake et al. 1994; Mandt et al. 1994; Das & Diamond 2000; Lukin 2009 ). Direct numerical simulations of isotropic electron MHD show that the turbulent magnetic energy spectrum scales like k −7/3 (Biskamp et al. 1996; Ng et al. 2003) . This scaling was explained by a heuristic modelà la Kolmogorov which turns out to be compatible dimensionally with an exact relation derived for third-order correlation functions (Galtier 2008) . It is widely believed that Hall MHD should exhibit the same (magnetic) spectrum as electron MHD because the latter is simply the kd i 1 limit of the former. However, in the framework of three-dimensional incompressible Hall MHD, a recent study has revealed the influence of the (left or right) polarity on the (magnetic) energy spectra (Meyrand & Galtier 2012 ) with the possibility to get different power laws at different scales, a tendency already observed with low-dimensional shell models (Galtier & Buchlin 2007; Hori & Miura 2008; Banerjee et al. 2013) .
The case of a plasma embedded in an external magnetic field b 0 is even more difficult to investigate because numerically it brings a strong constraint on the time step and physically it leads to anisotropy. Nevertheless, this situation has been investigated numerically and analytically in strong (Ghosh & Goldstein 1997; Mininni et al. 2007) and weak (Galtier 2006b; Sahraoui et al. 2007 ) Hall MHD turbulence. In the electron MHD limit, three-dimensional direct numerical simulations reveal that a state of critical balance may be reached (Cho & Lazarian 2004) when in particular the external magnetic field b 0 is of the order of the fluctuations †. When b 0 is much larger than the fluctuations an anomalous scaling in k −8/3 ⊥ has been found for the perpendicular (to b 0 ) wave number energy spectra (Meyrand & Galtier 2013 ) which may be explained with a heuristic model .
In addition to the large amount of research with fluid models, kinetic models are also widely used. A kinetic theory of plasma turbulence is, however, extremely difficult to reach because of the conceptual difficulty to manage e.g. with the multidimensional phase space and the multitude of phenomena that are included. For these reasons, simplifications are generally made in order to catch the most interesting part of the nonlinear dynamics. For example, most of the gyrokinetic theory/simulations (Schekochihin et al. 2009 ) assumes that the distribution is close to a Maxwellian which is a rather strong assumption for space plasmas (note that, for simplicity, this assumption is also made for axisymmetric tokamaks in Frieman & Chen (1982) ). Additionally, it is also assumed that the turbulent magnetic fluctuations are relatively small compared to the mean magnetic field, spatially anisotropic with respect to it and that their frequency is low compared to the ion cyclotron frequency. Under these hypotheses, it is possible to make numerical simulations and to follow e.g. the nonlinear dynamics driven by the KAW (Howes et al. 2008) . The Reynolds number -or in other words the size of the inertial range -is however still significantly limited compared to pure fluid simulations and it might question the relevance of the results obtained for space plasmas like solar wind turbulence. Fortunately, the KAW cascade may also be described by a simple system called reduced electron MHD (REMHD) valid for any temperature ratio T i /T e and β i , and whose derivation assumes an ordering for the different variables which implies, in particular, that the density variations can only be relatively small compared to equilibrium constant density. The form of the REMHD equations is close to the well-known (incompressible) electron MHD equations and in the strongly anisotropic limit (k ⊥ k ) they become even mathematically similar which means that the nonlinear dynamics of strongly oblique whistler and KAW are the same (Cho & Lazarian 2009; Schekochihin et al. 2009; Boldyrev & Perez 2012) : thus, electron MHD is not only the high-beta limit (β i → +∞) of REMHD but math- † Critical balance conjectures that in the strong turbulence regime, we have a scale by scale balance between the linear propagation and nonlinear time scales. For electron MHD the balance relation reads: bk ⊥ ∼ b0k (Cho & Lazarian 2004) . The weak turbulence regime corresponds to bk ⊥ b0k , a situation reached when for example b0 is strong enough.
ematically it is also possible to show that both systems are rigorously equivalent ∀β i and ∀ T i /T e (see the discussion in section 2). From this remark, we can conclude that the weak turbulence predictions (Voitenko 1998; Galtier 2006b ) are the same for both waves since it is characterized by a strong anisotropy. The role of magnetic helicity -the scalar product of the magnetic field with the magnetic vector potential -on electron MHD has been investigated experimentally through the production of electron MHD heat pulses and the study of their transport (Stenzel et al. 1995; Stenzel & Urrutia 1996; Rousculp & Stenzel 1997) . In turbulence, the first effect reported in the literature is from two-dimensional direct numerical simulations. In this situation the invariant is not the magnetic helicity but the anastrophy, i.e. the squared magnetic vector potential. An inverse cascade was observed when the system is forced at intermediate scale k f with an associated magnetic energy spectrum in k −1 compatible with a simple phenomenology (Shaikh & Zank 2005) . More recently, threedimensional direct numerical simulations with a mean magnetic field revealed that the propagation of one wave packet moving in one direction leads to energy transfer towards larger scales (Cho 2011 ). This effect interpreted as an inverse cascade (although a constant negative flux was not discussed) shows that one dispersive wave packet may produce another wave packet moving in the opposite direction whereas the magnetic helicity is well conserved. It is this conservation which is thought to be at the origin of the inverse cascade.
Our paper is devoted to the derivation of new exact solutions for weak KAW/oblique whistler turbulence. These solutions imply the entanglement of magnetic helicity and energy in the sense that the power law indices of the corresponding spectra are linked through a simple relation. In section 2, we first develop a discussion about KAW and oblique whistler waves to recall that they are governed by the same fluid equations. We conclude that the regime of weak turbulence is the same for both waves. We also derive from compressible Hall MHD a compressible version of electron MHD which can be rescaled to give the REMHD. Section 3 is the heart of the paper: we derive new exact solutions for weak KAW/oblique whistler turbulence. We use the asymptotic weak turbulence equations previously derived and show that the constant magnetic helicity flux spectra are in general different from the constant energy flux spectra. These exact solutions allow potentially a magnetic energy spectrum as steep as k −3 ⊥ , the limit being fixed by a condition of locality. We conclude the paper with a discussion in the last section. It is thought that our results offer a new paradigm to understand solar wind turbulence at sub-ion scales where steep magnetic fluctuation power law spectra in f α are observed (see figure 1 ) with a broad range of power law indices such that α ∈ [−3.1, −2.5] (Sahraoui et al. 2013 ).
KAW and anisotropic/oblique whistler
In the introduction, we have explained why Hall MHD and its small scale limit of electron MHD may be relevant to describe the solar wind plasma (which is the main domain of application that we consider in this paper and for which some properties are recalled in the introduction). From this remark, it is believed that it is relevant to make a detailed comparison between Hall MHD, electron MHD and REMHD which are often used to investigate solar wind turbulence where in particular T i ∼ T e . The goal of this section is thus to recall that the anisotropic version of electron MHD is mathematically equivalent to the REMHD and, therefore, the results from weak electron MHD turbulence -which correspond to a strongly anisotropic regime -are directly applicable to KAW. Additionally, we show that the linearized compressible Hall MHD may exhibit a simplified version of the KAW in the low frequencies limit, and that it is possible to derive a compressible version of the electron MHD model.
Electron MHD
The incompressible electron MHD equations in presence of an external magnetic field write classically (Kingsep et al. 1990 ):
where b is a (fluctuating) magnetic field normalized to a velocity (b → √ µ 0 nm i b, with m i the ion mass) and is the direction along the external magnetic field b 0 = b 0 e . The nonlinear term may take another form which is exactly equivalent, namely:
The electron MHD equations can be reduced if we take the anisotropic limit for which k ⊥ k . This limit is relevant when an external magnetic field is applied: then, the turbulence may fall in the critical balance regime (Cho & Lazarian 2004) or in the weak turbulence regime . With this limit, we get:
Expression (2.4) is the anisotropic electron MHD equations. Note that we follow here and below the ordering b ⊥ ∼ b b 0 . The linear solutions of (2.4) are the well-known right-handed anisotropic/oblique dispersive whistler waves:
Reduced electron MHD
The REMHD equations have been derived by Schekochihin et al. (2009) (see also Boldyrev et al. (2013) ) and below we only recall the form of this system when a uniform magnetic field is applied. We obtain (k ⊥ k is assumed):
where:
8) Z = n e /n i is the charge ratio, τ = T i /T e is the temperature ratio, β i is the ion plasma beta and n 0e is the constant electron density. It is straightforward to rescale the previous equations by applying the following transform (we assume λ = 0):
which gives eventually (a simplification is made with the introduction of d i ; the gyro-scale ρ i can also be used with the relation
10)
The addition of both equations leads to (withb =b ⊥ + b ): 12) which is mathematically equivalent to the anisotropic version of the electron MHD equations (2.4). The linear solutions of (2.12) are the well-known right-handed (anisotropic) dispersive kinetic Alfvén waves (Hasegawa & Chen 1975) :
As expected in the incompressible limit, β i → +∞, we have λ → +1 and we recover exactly expression (2.5). The same conclusion is reached when τ → 0.
Compressible Hall MHD
In this section, we shall derive the dispersion relation for compressible Hall MHD and see how a simple version of the KAW can be obtained. Compressible Hall MHD equations write:
14)
where ρ is the mass density, u the velocity, P the pressure and n the density. With a polytropic closure we have P = Aρ γ , where A is a constant of proportionality and γ the polytropic index. We focus the analysis on the linear solutions: small perturbations (terms with index 1) are assumed around a constant density ρ 0 , a constant pressure P 0 and a constant magnetic field b 0 . We have at leading order (in Fourier space):
18)
19)
where c S = γP 0 /ρ 0 is the sound speed. Note that the magnetic field has been normalized to a velocity. The dispersion relation may be written as:
This form is interesting for our discussion because in the limit α 1 and Ω 1, it reduces to:
The solutions for K > 1 (the term ∝ K 2 in the second parenthesis increases rapidly with K and does not require the condition K 1 to be dominant) are, Ω = β/(1 + β)K 2 α
and Ω = α, which corresponds to the following expressions with the previous notations:
Whereas the latter expression corresponds to the classical ion cyclotron waves, the former may be interpreted as a simplified version of the KAW in which the temperatures and the charge ratio do not appear. It corresponds exactly to relation (2.13) when Z/τ = 1 (which corresponds to β i = β e ). The validity of this solution may be evaluated by comparing the two last terms of the first parenthesis in expression (2.22). For simplicity we assume that β ∼ 1. The KAW solution is found for Kα < 1 whereas we find (with Ω ∼ 1) the whistler solution for Kα > 1, which are equivalent to the conditions k d i < 1 and k d i > 1 respectively. We may evaluate the critical angle θ c which separates both regimes. For that, we consider the electron scale † (k ⊥ d e = 1) and use the relation 1
we obtain θ c = 88.7 o . In other words, for angles larger than θ c the right-handed dispersive branch reaches the electron scale as a KAW whereas it is a whistler wave for smaller angles.
The dispersive branches of compressible Hall MHD are shown in figure 2 in the particular case of β = 1 (which is of interest for solar wind turbulence) and for different α. We have superimposed the two branches of incompressible Hall MHD to show the right and left polarizations. In the small α limit, the kinetic Alfvén wave branch appears with a right polarization. We also see that incompressible Hall MHD is particularly relevant in the limits α ∼ 1 and α ∼ 0.
Compressible electron MHD
We shall derive a compressible version of anisotropic electron MHD (2.4) which can describe the oblique whistler/KAW waves (2.24). We start with the compressible Hall MHD equations (2.14)-(2.17) in the isothermal limit and assume like for the derivation of REMHD (Schekochihin et al. 2009 ) that u → 0 but ∇ · u = 0. We introduce a uniform magnetic field and find at leading order (after a renormalization) the pressure balance relation: 26) and:
The system is closed with the continuity and pressure balance equations; we obtain at leading order (with the isothermal closure and the limit k ⊥ k ):
28) 29) which are the compressible version of the anisotropic electron MHD equations. As for REMHD, we may perform a rescaling transformation. This operation leads to expression (2.12) if we write explicitly the linear term. 
Conclusion
The KAW cascade can be modeled at several levels of approximation. In particular, we claim that the weak turbulence theory previously derived for strongly oblique (k ⊥ k ) whistler waves within the electron MHD framework ) must be interpreted as a weak KAW turbulence theory too. We have seen that (for β = 1) the dispersive branches of incompressible Hall MHD follow very well the two lower dispersive branches of compressible Hall MHD when the waves are oblique (k ⊥ k ). The sonic branch (upper solid curve in the two lowest panels of figure 2) is thought to be less relevant because of its damping by kinetic effects (Hunana et al. 2011) . Since oblique waves are the most relevant waves in strongly anisotropic turbulence, then we may conclude that in presence of a strong external magnetic field, incompressible Hall MHD offers -because of its relative simplicity -a more interesting turbulent model than compressible Hall MHD.
Exact solutions of weak KAW/whistler turbulence

Weak turbulence formalism
Weak turbulence is the study of the long time statistical behavior of a sea of weakly nonlinear dispersive waves. It is described by wave kinetic equations. In this subsection we present briefly the weak turbulence formalism which leads to these nonlinear equations. We shall use the inviscid model equation:
where b is a stationary random vector, L is a linear operator which insures that waves are solutions of the linear problem, and N is a quadratic nonlinear operator (like for electron MHD-type fluids). The factor is a small parameter (0 < 1) which will be used for the weakly nonlinear expansion. For electron MHD, the smallness of the nonlinearities is the result of the presence of a strong uniform magnetic field b 0 ; the operator L is thus proportional to b 0 and ∼ b/b 0 with b the fluctuating magnetic field.
We introduce the three-dimensional direct and inverse Fourier transforms:
Therefore, a Fourier transform of equation (3.1) gives for the j-component:
where ω(k) = ω k is given by the appropriate dispersion relation (with in general ω(−k) = −ω(k)) and H is a symmetric function in its vector arguments which basically depends on the quadratic nonlinear operator N . Note the use of the Einstein's notation. We introduce: 5) and obtain in the interaction representation:
where the Dirac delta function δ k,pq = δ(k − p − q) (then, the wavevectors k, p and q form a triad) and Ω k,pq = ω k − ω p − ω q ; the time dependence in fields, a, is omitted for simplicity. Relation (3.6) is the wave amplitude equation whose dependence in means that weak nonlinearities will modify only slowly in time the wave amplitude. By nature, the problems considered here (KAW/whistler waves) involve mainly threewave interaction processes as it is expected by the form of the wave amplitude equation. The exponentially oscillating term is essential for the asymptotic closure since we are interested in the long time statistical behavior for which the nonlinear transfer time is much greater than the wave period. In such a limit most of the nonlinear terms will be destroyed by random phase mixing and only a few of them -called the resonance terms -will survive. Before going to the statistical formalism, we note the following general properties that will be used:
7)
H kpq jmn is symmetric in (p, q) and (m, n) , (3.8)
where, *, stands for the complex conjugate.
We turn now to the statistical description, introduce the ensemble average ... and define the density tensor q jj for homogeneous turbulence:
(3.10)
We also assume that on average b(x, t) = 0 which leads to the relation H 0pq jmn = 0. From the nonlinear equation (3.6), we find:
A hierarchy of equations will clearly appear which gives for the third order moment equation:
where in the right hand side the second line means an interchange in the notations between two pairs with the first line as a reference, and the third line means also an interchange in the notations between two pairs with the second line as a reference. At this stage, we may write the fourth order moment in terms of a sum of the fourth order cumulant plus products of second order ones, but a natural closure arises for times asymptotically large (Nazarenko 2011) . In this case, several terms do not contribute at large times like, in particular, the fourth order cumulant which is not a resonant term. In other words, the nonlinear regeneration of third order moments depends essentially on products of second order moments. The time scale separation imposes a condition of applicability of wave turbulence which has to be checked in fine. After integration in time, we are left with:
The same convention as in (3.12) is used. After integration in wave vectors p and q and simplification, we get:
The symmetries (3.8) lead to:
The latter expression may be introduced into (3.11). We take the long time limit (which introduces irreversibility) and find:
with P the principal value of the integral. We finally obtain the asymptotically exact wave kinetic equations:
These general three dimensions wave kinetic equations are valid in principle for any situation where three-wave interaction processes are dominant; only the form of H has to be adapted to the problem. Equation for the (total) energy is obtained by taking the trace of the tensor density, q jj (k), whereas other inviscid invariants are found by including non diagonal terms.
Weak turbulence in electron MHD
As explained above, in electron MHD the natural small parameter is defined from the strong uniform magnetic field such that ∼ b/b 0 . The preliminary work to such asymptotic developments is the derivation, from equations (2.1)-(2.2), of the dynamical equation (3.6) for the wave amplitudes from which we can obtain the resonance conditions. Several properties of weak turbulence may be predicted when we study the resonance conditions (Galtier et al. 2001) . For electron MHD, the nature of the triad interactions has already been investigated Lyutikov 2013 ) and the analysis shows, in general, that the fluid bi-dimensionalises with a cascade mostly generated in the direction perpendicular to b 0 . From the wave amplitude equation we may derive the wave kinetic equations (3.18) governing the long-time behavior of second order moments (in our case the magnetic energy and helicity spectra). The achievement of any weak turbulence theory is the derivation of such equations with their properties like the exact power law solutions. Contrary to a simple heuristic description, the weak turbulence theory offers the possibility to prove rigorously the validity of the power law spectra and to check the locality of the solutions. In addition, the sign of the fluxes may be found which gives the direction of the cascade. The latter point is particularly important, first, for the comparison with existing data and, second, because it is impossible to predict that from a simple phenomenology.
Constant magnetic energy flux solutions: previous work
The theory of weak (reduced) electron MHD turbulence was derived in (see also Galtier (2006b) in the context of Hall MHD), it is therefore useless to re-derive it. We make the choice to directly recall the wave kinetic equations which describe the time evolution of the magnetic energy spectrum: (3.19) and magnetic helicity spectrum:
where A is the vector potential (b = ∇ × A) and e s (k) is the energy density tensor introduced by (equation (40)). In the anisotropic limit (which corresponds to the k ⊥ k limit, and thus to the REMHD case), we have:
In these equations E k ≡ E(k ⊥ , k ) and H k ≡ H(k ⊥ , k ) are respectively the axisymmetric bi-dimensional magnetic energy and helicity spectra (⊥ and are respectively the directions perpendicular and parallel to b 0 ), θ q is the angle between the perpendicular wave vectors k ⊥ and p ⊥ in the triangle made with (k ⊥ , p ⊥ , q ⊥ ) and (s, s p , s q ) are the directional polarities which are equal to ± (by definition sk 0). In Eq. (3.21) the integration over perpendicular wave numbers is such that the triangular relation k ⊥ + p ⊥ + q ⊥ = 0 must be satisfied.
The solutions of Eq. (3.21) were previously derived for a turbulence dominated by a forward energy flux . In this case, only the energy equation is useful and the exact finite flux solutions -obtained by applying a bi-homogeneous conformal transformation (Zakharov et al. 1992) -are: (3.23) with n = −5/2, m = −1/2,ñ = −7/2 andm = −1/2. Additionally, we can derive the statistically equilibrium solutions for which the energy flux is null; in this case, we have n = 1, m = 0,ñ = 0 andm = 0.
Constant magnetic helicity flux solutions: new solutions
In a situation where the turbulence is the subject of an inverse magnetic helicity flux it is necessary to consider the second equation for the helicity to derive the new exact power law solutions. Also, we implicitly assume that the helicity flux injection is made at scale k f such that the relation k ⊥ k is satisfied. We apply the bi-homogeneous conformal transformation (also called Kuztnesov-Zakharov transform) which consists in doing the following manipulation on the wave numbers p ⊥ , q ⊥ , p and q :
(3.24)
We seek stationary solutions in the power law form (3.22)-(3.23) where the parallel components are taken positive. After substitution, transformation and simplification, we obtain finally (see the derivation in Appendix A):
dp ⊥ dq ⊥ dp dq , where E 0 and H 0 are some (sophisticated) coefficients which are not relevant to write explicitly. The zero helicity flux solutions correspond to the cancellation of both members of the integral in the first line; it gives n = 1, m = 0,ñ = 0 andm = 0. Note that these solutions are exactly the same as those derived from the energy equation. The most interesting solutions are, however, those for which the constant helicity flux is finite. In this case, we find the relations:
26)
These solutions show an entanglement of helicity and energy in the sense that the scaling of one spectrum imposes the scaling for the other spectrum. In this problem, the cascade along the uniform magnetic field is strongly reduced . Simple arguments to explain this property may be found from the resonance condition which can be written as:
By considering that the nonlinear transfer is mainly due to local interactions (i.e. k ≈ p ≈ q), the resonance condition simplifies to:
From the weak turbulence equations, we see that only the interactions between two waves (p and q) with opposite polarities (s = s p = −s q or s = −s p = s q ) will contribute significantly to the nonlinear dynamics. It implies that either q ≈ 0 or p ≈ 0 which means that only a small transfer is allowed along b 0 . Thus, we may conclude that (i) the local nonlinear interactions lead to anisotropic turbulence where the cascade is preferentially generated perpendicularly to b 0 , and (ii) the approximation is particularly well verified initially if the turbulence is mainly excited in a limited band of scales since then, by nature the nonlinear interactions will be local. Since the cascade along the uniform magnetic field is strongly reduced, the most important scaling law in the exact solutions previously derived is therefore the one for the perpendicular wave numbers.
It is important to look at the domain of convergence of the integral to check the degree of locality of the power law solutions. The study of this convergence (see Appendix B) gives the locality conditions:
We see that with the previous solutions (obtained from the energy or the helicity equations) we are at the border line of the domain of convergence. However, we also know that this problem is strongly anisotropic and the inertial range in the parallel direction is strongly reduced with a cascade almost only in the perpendicular direction. Then, the contribution of the power law indices m andm becomes mainly irrelevant for the convergence analysis since it cannot produce any divergence. Note that if we forget this contribution and take † simply m =m = 0, we obtain a classical result of weak turbulence in the sense that the power law indices of the exact solutions (3.22)-(3.23) fall then at the middle of the domains of locality (3.30)-(3.31). Note that a similar situation is found for fast rotating hydrodynamic turbulence (weak inertial wave turbulence regime) where direct numerical simulations show an excellent agreement with the weak turbulence predictions (see Galtier (2003 Galtier ( , 2014 and the references therein). In this case an entanglement relation is found (similar to relations (3.26)-(3.27)) between the kinetic energy and kinetic helicity. Note that it is also possible to evaluate the sign of the helicity flux corresponding to the exact power law solutions (see Appendix C). † A rigorous treatment requires to come back to the weak turbulence equation and introduce for example a delta function δ(k − k0) in expression (3.22) and (3.23), instead of a power law, in order to model a turbulence without inertial zone in the parallel direction.
Discussion
The main result of this work is the derivation of the entanglement relations (3.26)-(3.27) for a constant and finite magnetic helicity flux. This family of solutions generalizes the spectra derived in the past from the energy equation which corresponds to the weak energy cascade of KAW/oblique whistler turbulence.
Our theoretical predictions for weak turbulence show a difference with the result obtained from a two-dimensional direct numerical simulation (Shaikh & Zank 2005) . The main reason is that only the strong isotropic turbulence regime was investigated numerically for which an inverse cascade of anastrophy (the second inviscid invariant of two-dimensional electron MHD) is expected. This cascade leads to a magnetic energy spectrum in k −1 at large scales compatible with an isotropic phenomenology. For the inverse magnetic helicity cascade, the present study may give an interesting limit for the perpendicular scaling assuming that the parallel transfer is negligible. Indeed, the convergence condition (3.30) does not allow an energy spectrum steeper than the helicity spectrum with at best a convergence of both power law indices to n =ñ = −3. This limit for the helicity is actually supported by a simple anisotropic phenomenology where the wave time writes (see relation (2.5)):
The stochastic collisions of KAW/oblique whistler lead to the following estimate for the helicity flux (we mainly consider local interactions and use the scaling relation b ∼ k ⊥ a, with a the vector potential (b = ∇ × a), which also corresponds to a maximal helicity state):˜ (3.20) ) is the magnetic helicity of the system, i.e. a spectrum integrated over the threedimensional Fourier space; hence, the magnetic helicity spectrum prediction:
Note the limitation of the phenomenology since it is impossible to derive the exact relations (3.26)-(3.27) from expression (4.3). The exact solutions of weak turbulence are thus highly non-trivial. Is this weak turbulence regime intermittent or monofractal ? At this level of analysis we cannot answer the question without the help of direct numerical simulations. We may predict, however, what would be the scaling laws for higher-order statistics if weak turbulence of KAW/whistler is mono fractal. According to the present analysis, the small scales driven by a direct magnetic energy cascade is expected to follow the linear relation:
with by definition (b(
where ⊥ has to be seen as a vector perpendicular to b 0 . For the large scales driven by an inverse magnetic helicity cascade it is expected to find a solution among a family of linear relations such that,
The existence of such double scaling is under numerical investigation and will be presented elsewhere.
The results presented here may be relevant for solar wind turbulence where the ion and sub-ion scales are now well resolved by spacecraft instruments (Alexandrova et al. 2009; Kiyani et al. 2009; Tessein et al. 2009; Sahraoui et al. 2010; Bourouaine et al. 2012; Chen et al. 2013) . These observations lead to two important questions:
• What is the origin of the scaling laws of the magnetic fluctuation spectra observed in particular after the break f 2 (see figure 1) ?, and
• Why do we observe a wide range of power law indices (between −2.5 and −3.1) for such spectra?
Our study might give an answer to the second question by assuming that the answer to the first question is turbulence. Indeed, if we assume that the kinetic effects have a negligible contribution on the statistics of the magnetic fluctuations, then the scaling laws may be seen as the signature of a turbulence cascade only. Our study suggests that the wide range of values observed for the magnetic spectrum power law indices may find its origin in the magnetic helicity and its inverse cascade. Since signatures of a non-zero reduced magnetic helicity have been reported at sub-ion scales (Howes & Quataert 2010) , it would be interesting to check if a negative magnetic helicity flux is also present. Our results is also interesting because for the first time a theory is able to predict rigorously steep power laws for the magnetic fluctuation spectrum at sub-ion scale: indeed, previous theories based on the energy cascade were mostly able to propose an index of −7/3 for strong turbulence or −2.5 for weak turbulence. Recently a spectrum close to −8/3 has been found numerically by using reduced/anisotropic electron MHD (Boldyrev & Perez 2012; Meyrand & Galtier 2013) , and explained differently by invoking the dimensions of the dissipative structures (sheets and filaments respectively). Although the origin of this difference is unclear (since basically the equations simulated are the same -see the discussion in section 2) we may think that the strength of the external magnetic field has an important role, e.g. in destabilizing the current sheets. Note that the existence of filaments for this range of scales is also detected in other simulations (Martin et al. 2012; Karimabadi et al. 2013; Passot et al. 2014) .
If the explanation of the wide range of power law indices observed in the solar wind comes from the inverse cascade of magnetic helicity, then a source for the magnetic helicity flux must be found at small scales. The origin of that helicity injection could be related for example to the disruption of small-scales structures at the electron inertial length or electron gyroscale. A generalization of the entanglement relation to the critical balance case would be also very welcome.
To conclude the discussion, we think that our theoretical results about the role of the magnetic helicity on the magnetic energy may be relevant for MHD turbulence as well where an inverse cascade of magnetic helicity is possible if a magnetic helicity flux is injected. In that case, is it possible to find a wide range of power law indices for the magnetic energy spectrum ? Fundamental papers on three-dimensional isotropic MHD turbulence (Pouquet et al. 1976) seems to indicate that there is a unique scaling in k −2 for the magnetic helicity spectrum and that the maximal helicity state is the unique solution. Is it really true ? This question could be reinvestigated through direct numerical simulations.
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Appendix A. Kolmogorov-Zakharov-Kuznetsov spectra
In this appendix, we give the detail of the derivation of the constant helicity flux solutions (3.26)-(3.27). We start from the weak turbulence equations (3.21):
) dp ⊥ dq ⊥ dp dq .
Note in passing that from the definitions (3.19)-(3.20), we have the relation:
for the energy density tensor which is a positive definite quantity; then we obtain the Schwarz inequality kH(k) E(k). We define the spectra:
where C E and C H are some constants and we shall look for exact power law solutions of the weak turbulence equations. Note that the solutions found with the KuznetsovZakharov transform (see below) are not necessary the unique solutions to this problem in the sense that the uniqueness of these solutions is not proved (Lvov et al. 2004; Nazarenko 2011) . We introduce the previous expressions into the weak turbulence equations and obtain after simple manipulations (e.g. identity relation for a triangle is used):
Then, we split the integral into two identical integrals and apply the Kuznetsov-Zakharov transform on one of them. We obtain:
) dp ⊥ dq ⊥ dp dq
tions (3.21):
δ(k − p − q ) δ(sk ⊥ k − s p p ⊥ p − s⊥ q ) dp ⊥ dq ⊥ dp dq , in which we introduce the power law spectra: δ(1 −p −q ) δ(s − s pp⊥p − s qq⊥q ) dp ⊥ dq ⊥ dp dq , δ(1 −p −q ) δ(s − s pp⊥p − s qq⊥q ) dp ⊥ dq ⊥ dp dq .
Since the weak turbulence equation (B 1) is only valid in the limit k ⊥ k , we introduce the parameterized variablesp = pp⊥ andq = qq⊥ for the calculation, where p 1 and q 1. Three non local limits will be analyzed (see figure 3 ).
• Case A:p ⊥ = 1 + r cos α , (B 6)
where α ∈ [π/4, 3π/4] and r 1. For this region, we find the convergence condition: • Case B:p ⊥ = r cos α , (B 10) q ⊥ = 1 + r sin α , (B 11) where α ∈ [−π/4, π/4] and r 1. For this region, we find the convergence condition:
)
δ(k − p − q ) δ(sk ⊥ k − s p p ⊥ p − s⊥ q ) dp ⊥ dq ⊥ dp dq .
Additionally, we have (Zakharov et al. 1992) :
where P is the helicity flux vector , P ⊥ and P the perpendicular and parallel components of this flux vector (axisymmetric turbulence is assumed) respectively. We introduce the notations:p ⊥ ≡ p ⊥ /k ⊥ ,q ⊥ ≡ q ⊥ /k ⊥ ,p ≡ |p |/|k | andq ≡ |q |/|k | and obtain: δ(1 −p −q ) δ(s − s pp⊥p − s qq⊥q ) dp ⊥ dq ⊥ dp dq .
From the flux equation (C 2), we may have at constant k :
|k | m+m I(m, n,m,ñ) .
(C 5)
After an integration, we have the general relation:
|k | m+m I(m, n,m,ñ) n +ñ + 6 . (C 6)
The constant flux solution that we look for corresponds precisely to the cancellations of the denominator and the numerator I. This indeterminacy can be evaluated using L'Hospital's rule; we find for this solution:
with:
A = ∂I(m, n,m,ñ) ∂(n +ñ + 6) n+ñ=−6, m+m=−1 = (C 8) (1 −p −q ) δ(s − s pp⊥p − s qq⊥q ) dp ⊥ dq ⊥ dp dq .
In a similar way from the flux equation (C 2), we may have at constant k ⊥ :
(C 10)
After an integration, we find the general relation:
|k | m+m+1 I(m, n,m,ñ) m +m + 1 . (C 11) As above, the constant flux solution corresponds to the cancellations of the denominator and I. Thanks to L'Hospital's rule, we find: (1 −p −q ) δ(s − s pp⊥p − s qq⊥q ) dp ⊥ dq ⊥ dp dq .
The combination of relations (C 7) and (C 12) gives in particular the flux ratio:
which is small if A and B are of the same order. We see that the signs of the fluxes P ⊥ and P will be given by the signs of the constants A and B respectively (the constants C E and C H are taken positive).
